INTRODUCTION

» Overview and tooling for temporal Gaussian
process (GP) modeling with non-Gaussian
likelihoods.

» By reformulating the GP into a state space
model, inference can be done in O(n) time
complexity.

» Means of combining efficient state space
methodology with approximate inference

schemes for non-Gaussian likelihoods.
» Covered approximate inference algorithms:

> Laplace Approximation (LA)
> Variational Bayes (VB)
> Direct KL minimization (KL)
> Single-sweep Expectation Propagation (EP) /
assumed density filtering (ADF)
» Code is available in the GPML toolbox v. 4.2.

TEMPORAL GAUSSIAN PROCESSES

» GPs [2] are handy probabilistic tools for
regression and classification

» Consider a dataset of input—output pairs:
D= {(t, yi)}i
» The GP model can be written as:

f(t) ~ GP(m(t), k(t, t))

n
yIf~ [Pl f(t))
i=1
» The prior assumptions are encoded in the
covariance function k(, -)

» Latent posteriors are searched in the form:
Q| D) = N (F|m+ Kar, (K" + W)~ ") (1)

GP prior

Likelihood

» In the Gaussian likelihood case: y; ~ N(f;, 02);
the inference Is exact:

W =lo;?
a = (K+W )Ty —m) = solvex(W,r)
log ZgpRr = —% [ Tr+ ldk (W) + Nlog(27mﬁ)

» Direct application of these expession leads to
O(n3) computational complexity

STOCHASTIC DIFFERENTIAL
EQUATION (SDE) FORMULATION

» Instead of working with the covariance function,
the latent can be expressed in terms of an SDE

» This is a continuous-time model [3], [6]:

%(tt) = Ff(t) + Lw(t), fy~ N(0,Px)

» w(t) is the driving multidimesional white noise
» The original latent can be evaluated at t by
f(t) = Hf(1)
» F. L H P, are determined from the covariance
function
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DISCRETE-TIME
STATE SPACE MODEL

» Solve the SDE between data points (equivalent
discrete-time model):

fi=Ai1fi1+di1. 41 ~N(0,Q;_1)
» Parameters of discrete model:
A; = A[At] = &Pl
Q;=Ps — A;PA/
» Advantages of the state space model:

> Inference can be done in O(n) space and
time complexity

> This is done by running Kalman filtering (KF)
and Rauch—Tung—Striebel (RTS) smoother
algorithms

> Evidence computation and its derivatives
scales also as O(n)

(2)

FAST COMPUTATION OF A; AND Q;

PROBLEM:

» Parameters of the solved SDE (2) depend on
matrix exponents; e2tF

» Many different At; lead to expensive
computation of matrix exponents

SOLUTION:

» Mapping ¢ : s — eSX is smooth, hence use
interpolation ideas (similar to KISS-GP [4])

» Evaluate ¢ : s — e5X on an equispaced grid
S1,82, .., Sk, Where s; = sg+ /- AS

» Use 4-point interpolation:
A ~ C1 Aj_1 + CzAj + C3Aj+1 + C4Aj+2.
Coefficients {c,-}j":1 are efficiently computable

» As shown below, this gives additional speed-up
compared to the standard state space approch

-
— 1
Naive
State space
o0 | -
—~ — — — State space (K = 2000)
B’ —-—-— State space (K = 10)
£
—
-
2
N—
<
=
<
>
a8

Number of training inputs, 1 -10°

Figure 1: Empirical computational times of GP
prediction using the GPML toolbox implemen-
tation as a function of number of training inputs,
n, and degree of approximation, K.
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Figure 2: (a) Intensity of aircraft incidents modeled by a log Gaussian Cox process with the mean and approxi-
mate 90% confidence regions visualized (N = 35,959). (b) The time course of the seasonal effect in the airline
accident intensity, plotted in a year vs. month plot (with wrap-around continuity between edges).

COMPUTATIONAL PRIMITIVES

The following computational primitives allow
to cast the covariance approximation in more
generic terms:

» Linear system solving:
solveg(W,r) := (K+ W1~ "¢

» Matrix-vector multiplications: mvmg(r) := Kr

» Log-determinants: ldx (W) := log |B| with
well-conditioned B = I + W2 K W2

» Predictions need latent mean E[f;| and
variance V|f]

SPINGP:

» The first two computational primitives are
calculated using Sp/nGP [5] approach:

solveg (W, r) = Wr — WGR™'G "Wr
mvmg(r) = GT QT "G 'r

» Matrices R, T and Q are defined via A; and Q;,
see paper [1]

KF AND RTS SMOOTHING:

» The last two computational primitives are
solved by Kalman filtering and RTS smoothing

» Predictions are computed by primitive 4 and
then by propagation through likelihood

COMMENTS:

» Derivatives of computational primites, required
for learning, are computed in a similar way

» SpInGP involves computations with

block-tridiagonal matrices. These computations

are similar to KF and RTS smoothing (see
paper [1] Appendix)

APPROXIMATE INFERENCE

LAPLACE APPROXIMATION (LA):

» Second-order Taylor expansion around the
mode of the posterior (1)

» Mode is found by Newton method
» Evidence approximation: log Z; 4 =

1 [avamK(a) + Idg (W) — 23 log P(y; )

VARIATIONAL BAYES (VB):

» Lower bound the likelihood terms:

og P(y;|f;) = maxyy, bifi — W;if? /s + h(Wj)

» Inference is cast as a sequence of LA with
smoothed log likelihood

> logZ > log Zyg =
-1 [avamK(a)—l—mK(W)_z ZiKVB(fi)—ZﬂVB}

DIRECT KL MINIMIZATION (KL):

» Gaussian approximation to the posterior is
assumed. Variation lower bound is minimized

» Inference is cast as a sequence of GP
regressions with convolved likelinood

> logZ > log Z«| =
-1 [avamK(a)+|dK(W)_2 ZigKL(fi)_ZPKL}

ASSUMED DENSITY FILTERING (ADF):

» Equivalent to single-sweep Expectation
Propagation (EP)

» Estimation of evidence and its derivatives in
only one pass of Kalman filter
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EXPERIMENTS

» We show superior computational scaling with
exact handling of the latent (Figure 1)

» A robust regression (Student’s t likelihood)
study example with n = 34,154 observations

» A new interesting data set with commercial
airline accidents dates scraped from Wikipedia
[7]

» Accidents over the time-span of ~100 years,

n = 35,959 days

» We model the accident intensity as a Log

Gaussian Cox process (Poisson likelinood)

» The GP prior is set up as:

k(t,t') = Knat.(t, ') + Kper.(£, 1) kyat (£, )

» Figure 2 shows the results for modelling the
intensity of aircraft incidents

DISCUSSION

» This paper brings together research done in
state space GPs and non-Gaussian
approximate inference

» We improve stability and provide additional
speed-up by fast computations of the state
space model transitions

» We provide unifying code for all approches in
GPML toolbox v. 4.2
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CODES

The code is published as part of the GPML toolbox:

http://www.gaussianprocess.org/gpml/code/
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